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§1.

—Spencer

§2.

0



§1.

K: 0
E: K
E†:

= { (L,∇L) :
deg(L) = 0}

char 0= H1
DR(E,O×

E)

=⇒ E† −→ E
.... ωE (def= ΩE/K |0E

)-torsor

C : E† = H1
DR(E,OE)/Λ

Λ = H1
sing(E, 2πiZ) ∼= Z2
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:
E† = H1

DR(E,OE)

0: dE
† ∼= dE

def= ker [d] : E → E
d > 0:

η ∈ E(K): m
s. t. d m

L def= OE(d · [η])

:

Γ(E†,L)<d ∼→ L|
dE†
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:

1. < d “torsorial degree”
E†/E < d.

2. d2 K

3. d m
d = m = 1

Γ(E,OE([0E ]) = L) → L|0E 0

4. :
Mumford
Zhang admiss. metric
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:

0 → ωE → E† → E → 0

(ωE = E )

∞ :

E = Gm/qZ

(‘Tate curve’)

=⇒ q :

Ê = Ĝm

Ê† = Ĝm × ω̂E = Ĝm × 〈 dU
U 〉
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O
Ê

[T ] =
⊕O

Ê
· T j =⇒ ⊕ O

Ê
· (T

j

)
T : dU

U ωE

.. ∞ M1,0

p

∞
⊕ O

Ê
· (T

j

)
=⇒

⊕ O
Ê
· q ≈−j2/8d · (T

j

)
“ ” cf. e−x2
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:

cf. Hermite
...Dio.

:

‘DR metric’ ‘étale metric’
=⇒
— :

Hermite slope = 1
2

Legendre slope = 1
= lim ( Tchebycheff )

=
(
T
r

)
slope = 0

slope = d → ∞ scaling factor
cf. cryst. coh. Frob
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—Spencer

:

+

=⇒

C

H1
DR(E,OE) ⊇ H1

sing(E, 2πi · R)
↓ ↓

E† ⊇ ER
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p

Hodge-Tate, DR

‘H1
DR

∼= H1
ét’

p

C p{
DR coh.

} ∼→
{

ét. coh.
}

� Galois

=⇒ Galois DR coh. !!
=⇒ Hodge
=⇒ —Spencer

base
�→ Hodge
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C :

‘Galois’ = SL2(R)
=⇒ ‘ KS’ = KS

p :

Gal(Zp[[T ]]Qp
)

≈ Tang. bun.(Zp[[T ]]Qp)

Faltings alm. et. extns.

=⇒ ‘ KS’ = KS
cf. Serre-Tate

Hodge-Arakelov
Gal( Base ⊗ Q)

KS−→ {Arak. flag } !!
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§2.

S

E → S

=⇒ S → M1,0

=⇒ (KS) ΩM1,0 |S → ΩS

⇓
/

‘ΩM1,0 |S → ΩZ/F1 ’

S = Spec(Z)
Spec(OF ), [F : Q] < ∞
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ΩM1,0 |S = ω⊗2
E

ωE ↪→ H1
DR(E) ∇GM−→ H1

DR(E) ⊗ ΩS

−→ τE ⊗ ΩS

=⇒ ΩM1,0 |S = ω⊗2
E → ΩS (KS)

∇GM: H1
DR Gauss-Manin

⇓
H1

DR Hodge (ωE ↪→ H1
DR)

=⇒ ∇GM

=⇒ de Rham
C
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S: Riemann =⇒
H1

DR(E/S) ∼= H1
sing(E/S,Z) ⊗Z OS

=⇒ H1
sing(E/S,Z)
∇GM horizontal

=⇒ ∇GM H1
sing(E/S,Z)

horiz.

⇓

=⇒
∇GM

: KS
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ACI

C : ⊗ C
p : ⊗ BDR Bcrys )

C : ∇GM

‘ ’

0 → ωE → H1
DR(E/S) → τE → 0

—
H1

DR ‘ ’ —
ωE ample l.b. ∇
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=⇒ ‘∇’

— Arak.
= Hermite

=⇒ Z

Arakelov
⇐⇒

⇓

ACI I:{
DR coh.

}
∼=

{
étale coh.

}
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=⇒ ACI

‘test fns.’ =⇒
ACI II:{
DR coh. test fns.

}
∼=

{
étale coh. test fns.

}

‘∼=’
isometry

Arakelov

..

‘Hodge-Arakelov
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:
test fns.

— cf. C p Hodge

:

(1.) Arak.
H0(L)

(2.) ≈
≈ Heisenberg cf.
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Hodge-Arakelov
Hodge

—

Hodge /C ≈ ER

HACI ≈

=⇒

2πi = lim
d→∞

d · (e2πi/d − 1)

= lim
d→∞

( /Gm)|
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Hodge-Arakelov II

motizuki@kurims.kyoto-u.ac.jp

§1.

§2. Θ-Convolution

0



§1.

K: 0
E: K
E†:

= {(L,∇L)|deg(L) = 0} = H1
DR(O×

E)
η ∈ E(K): m
d > 0: s. t. d m

L def= OE(d · [η])

:

Γ(E†,L|E†)<d ∼→ L|
dE†
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: E† → E ... ωE-torsor (ωE = ΩE |0E
)

E × V(ωE) = Spec(OE [τE ])

=⇒ E†/E torsorial degree
‘< d’

F j(−) def= (−)<j

(Hodge) filtration

F j+1/F j(Γ(E†,L)<d) = Γ(E,L) ⊗ τ⊗j
E

=⇒
rank d2
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deg(Γ(E,L)) ≈ 0

deg( ) ≈
d−1∑
j=0

j · deg(τE)

= L|
dE† ∼= O|

dE†

= d

=⇒

deg( ) = 0
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Θ

deg(L) � 1 . . . Θ

E ∃ sub

Schottky

Gm → Gm/qZ = E

L Θ

Γ(E,L) � Θ
∑

n∈Z qn2
Un

Γ(E†,L) � Θ

U ∂
∂U ... cf. Weierstrass ζ
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U Gm

q = q
1/2d

Θ =
∑

n∈Z qn2
Un

=⇒

P (−) �→∑
n∈Z qn2 · P (U ∂

∂U )Un

=
∑

n∈Z qn2 · P (n)Un

( < d )
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d μd ⊆ Gm

=⇒

P (−) �→ ∑
|n|≤d qn2 · P (n)Un

q

=⇒ q

P (−) �→
{P (0), P (1), . . . , P (d − 1)}

=⇒ P (T )(
T
0

)
,
(
T
1

)
, . . . ,

(
T

d−1

)
Z
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≈ q n2
= q

j2/8d

j
n j/2

=⇒

≈ 1
8d

d−1∑
j=0

j2
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≈ 1
8d

· d3

3
=

1
12

· (d2

2
)

= (
d2

2
) deg(ωE)

≈
d−1∑
j=0

j · deg(ωE)

= −( DR side )

=⇒ Zhang
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KS

V def= Γ(E†,L)<d( )

V ∼→ L|
dE† ∼= O|

dE†

base⊗Q Gal
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Gal � V
Hodge filtration F j(V)

Gal → Flag(V)

Flag(V) V
rank

... KS

F j+1/F j(V) = Γ(E,L) ⊗ τ⊗j
E ( )

=⇒ KS
Dioph.

!
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§2. Θ-Convolution
Θ Convolution

=⇒ (I.), (B.)
∑
n∈Z

qn2 · P (n)Un

∑
n∈Z P (n)Un

=⇒ Fourier
∑
n∈Z

qn2 · P (n)Un

n qn2
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=⇒ Θ =
∑

n∈Z qn2 · Un

convolution

Fourier

↔ convolution

Θ-Convolution Θ
convolution

q
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E, η, L def= OE(d · [η]):

G, H ∼= Z/dZ s.t.

dE = dE
† = G × H

G:
(

H: Lagrangian
( E/H

— cf. (I.), (B.)
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:

s ∈ Γ(E,L)H H
G

cf. Mumford

Θs ∈ L|G ∼= O|G
G

modular unit =⇒
Siegel modular unit
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=⇒ Θ-Convolution

=⇒ Θ-Conv.

=⇒

G, H

=⇒
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